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We study the ground state properties, potential energy curves and potential energy surfaces of the superheavy nucleus 270Hs by
using the multidimensionally-constrained relativistic mean-field model with the effective interaction PC-PK1. The binding energy,
size and shape as well as single particle shell structure corresponding to the ground state of this nucleus are obtained. 270Hs is
well deformed and exhibits deformed doubly magic feature in the single neutron and proton level schemes. One-dimensional
potential energy curves and two-dimensional potential energy surfaces are calculated for 270Hs with various spatial symmetries
imposed. We investigate in detail the effects of the reflection asymmetric and triaxial distortions on the fission barrier and fission
path of 270Hs. When the axial symmetry is imposed, the reflection symmetric and reflection asymmetric fission barriers both show
a double-hump structure and the former is higher. However, when triaxial shapes are allowed the reflection symmetric barrier is
lowered very much and then the reflection symmetric fission path becomes favorable.
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1 Introduction
Exploration of the charge and mass limits of atomic nuclei
is at the forefront of modern nuclear physics research [1-3].
When described as charged liquid drops, nuclei with Z > 104
would not exist because the fission barriers would disappear.
Quantum shell effects may cause additional binding in some
of these nuclei. Consequently, the existence of an “island of
stability” of superheavy nuclei (SHN) was predicted in 1960s
because of this extra binding [4-9]. Since then, study on
SHN has progressed very much. Until now, superheavy el-
ements (SHE) with Z 6 118 have been synthesized [10-12].
*Corresponding author (email: sgzhou@itp.ac.cn)
However, the island is still not located and various predic-
tions of its center have been made [4-9, 13-20]. Contrary to
the fact that the island of stability is very elusive and the pre-
dicted centers of this island are far beyond the current experi-
mental ability, the existence of a “shallow” of SHN, which is
closer to the continent of stable nuclei, has been theoretically
and experimentally well established. This shallow was pre-
dicted to comprise deformed SHN and to be centered around
Z = 108 and N = 162 [21-25]. Many SHN on the shallow
have been synthesized, including 270
108
Hs162 [26, 27]. The de-
formed doubly magic SHN 270Hs sitting at the center of the
shallow has become one of the most important examples for
the study on the structure and fission properties of SHN.
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Study on the ground state and fission barrier is essential in
learning the stability properties, decay and fission dynamics
of SHN. Although the most relevant shape degree of free-
dom involved in nuclear fission is the axial quadrupole de-
formation β20 corresponding to the elongation of the whole
nucleus along its symmetry axis, other shape degrees of free-
dom may also play crucial roles during the fission process
[28-40]. Therefore examining the multidimensional potential
energy surfaces (PESs) for a nucleus in question is important
for obtaining detailed information about the fission proper-
ties.
We have developed multidimensionally-constrained
(MDC) covariant density functional theories (CDFTs) to cal-
culate and study PESs for SHN and heavy nuclei [37,39-41].
In these theories, the shape degrees of freedom βλµ with µ be-
ing even numbers are self-consistently included, such as β20,
β22, β30, β32, β40, β42 and β44. Either the BCS approach or the
Bogoliubov transformation has been implemented for con-
sidering pairing correlations. The MDC-CDFT with the BCS
approach used for treating pairing correlations is known as
the MDC relativistic mean field (RMF) model, whereas that
with the Bogoliubov transformation is known as the MDC
relativistic Hartree–Bogoliubov (RHB) model. The MDC-
RMF model has been used to investigate fission barriers and
PESs of actinide nuclei; in particular, a three-dimensional
PES has been obtained for 240Pu [37, 39]. It was found that
besides the reflection asymmetric octupole shape, the triaxial
deformation plays a crucial role on the second fission barriers
in actinide nuclei.
In this work, we use the MDC-RMF model to study the
ground state properties and PESs of the doubly magic de-
formed nucleus 270Hs. This is the first thorough study on
SHN with MDC-CDFTs. We present the first PES for 270Hs
considering both triaxiality and reflection asymmetry. The
remainder of this paper is organized as follows. The MDC-
RMF model will be introduced in section 2. The results and
discussions are presented in section 3. Finally in section 4,
we will summarize this study and provide some perspectives
on the study on SHN with MDC-CDFTs.
2 The multidimensionally-constrained rela-
tivistic mean field model
CDFT is one of the most successful self-consistent ap-
proaches which has been extensively used to study the prop-
erties of atomic nuclei throughout the nuclear chart [42-52].
The formalism and applications of the CDFT can be found in
Ref. [52]. The details of the MDC-CDFTs have been given
in Refs. [39-41]. For completeness, here we present briefly
the formalism of MDC-CDFTs.
In the CDFT, a nucleus is described to be a composite of
A nucleons which interact through the exchanges of mesons
and photons or contact interactions (point-couplings). In this
paper we focus on the CDFT with nonlinear point couplings
(NL-PC). The time-reversal symmetry is assumed for nuclei
in question.
The NL-PC Lagrangian reads,
L = ψ¯(iγµ∂µ − M)ψ − Llin − Lnl − Lder − LCou, (1)
where the linear, nonlinear and derivative coupling terms and
the Coulomb term are given respectively as follows,
Llin =
1
2
αS ρ
2
S +
1
2
αVρ
2
V +
1
2
αTS~ρ
2
TS +
1
2
αTV~ρ
2
TV , (2)
Lnl =
1
3
βS ρ
3
S +
1
4
γS ρ
4
S +
1
4
γV [ρ
2
V ]
2, (3)
Lder =
1
2
δS [∂νρS ]
2 +
1
2
δV [∂νρV ]
2 +
1
2
δTS [∂ν~ρTS ]
2 (4)
+
1
2
δTV [∂ν~ρTV ]
2,
LCou =
1
4
FµνFµν + e
1 − τ3
2
A0ρV . (5)
M is the nucleon mass and αS , αV , αTS , αTV , βS , γS , γV , δS ,
δV , δTS and δTV are the coupling constants in different chan-
nels. ρS and ~ρTS are the isoscalar and isovector densities; ρV
and ~ρTV are the time-like components of isoscalar and isovec-
tor currents.
Applying the mean field and no sea approximations, the
Dirac equation for nucleons is derived with the Slater deter-
minant used as the trial wave function,
hˆψk(r) = ǫkψk(r), (6)
where
hˆ = α · p + β [M + S (r)] + V(r). (7)
The scalar potential S (r) and vector potential V(r) are de-
termined by the various scalar and vector densities given in
Eqs. (2–5).
One can solve the Dirac equation in several different har-
monic oscillator bases [53-60]. In the MDC-CDFTs, an ax-
ially deformed harmonic oscillator (ADHO) basis [53, 54] is
used to expand the single particle Dirac wave functions. The
ADHO basis consists of the eigenstates of the Schro¨dinger
equation,[
− ~
2
2M
∇2 + VB(z, ρ)
]
Φα(rσ) = EαΦα(rσ), (8)
where r = (z, ρ) with ρ =
√
x2 + y2 and
VB(z, ρ) =
1
2
M(ω2ρρ
2 + ω2z z
2), (9)
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is the ADHO potential with ωρ (ωz) being the oscillator fre-
quency perpendicular to (along) the symmetry axis. The so-
lution of Eq. (8) is obtained as
Φα(rσ) = Cαφnz (z)R
ml
nρ
(ρ)
1√
2π
eimlϕχms (σ), (10)
where a complex number Cα is introduced for convenience.
χms is a two-component spinor. φnz (z) and R
ml
nρ (ρ) are the har-
monic oscillator wave functions,
φnz(z) =
1√
bz
1
π1/4
√
2nz nz!
Hnz
(
z
bz
)
e−z
2/2bz , (11)
Rmlnρ (ρ) =
1
bρ
√
2nρ!
(nρ + |ml|)!
(
ρ
bρ
)|ml|
× L|ml |nρ
ρ2
b2ρ
 e−ρ2/2b2ρ . (12)
The oscillator lengths bz and bρ are related to the frequencies
as bz = 1/
√
Mωz and bρ = 1/
√
Mωρ.
These basis states are eigenstates of jˆz with eigenvalues
Kα = ml + ms. The deformation of the basis βbasis is de-
fined through the relations ωz = ω0 exp
(
−√5/4πβbasis
)
and
ωρ = ω0 exp
(√
5/16πβbasis
)
, where ω0 = (ωzω
2
ρ)
1/3 is the
frequency of the corresponding spherical oscillator potential.
When solving the RMF equations, the Dirac spinor is ex-
panded in terms of the complete basis {Φα(rσ)} as,
ψi(rσ) =

∑
α f
α
i
Φα(rσ)∑
α g
α
i
Φα(rσ)
 , (13)
where α = {nz, nρ,ml,ms} and f αi and gαi are the expan-
sion coefficients to be determined. Following Ref. [61], the
ADHO basis is truncated with [nz/ fz + (2nρ + |ml|)/ fρ] 6 N f
for the upper (large) component of the Dirac spinor where
fz = max(bz/b0, 1) and fρ = max(bρ/b0, 1) are constants and
b0 = 1/
√
Mω0 is the spherical harmonic oscillator length.
For the expansion of the lower (small) component of the
Dirac spinor, the truncation of Ng = N f + 1 is made to avoid
the numerical instability.
In the MDC-CDFTs, we assume that the nuclear poten-
tials and densities are invariant under the following opera-
tions: the reflection with respect to the y-z plane (Sˆ x), the
reflection with respect to the x-z plane (Sˆ y) and the rotation
of 180◦ with respect to the z axis (Sˆ ), i.e.,
Sˆ xφ(x, y, z) = φ(−x, y, z), (14)
Sˆ yφ(x, y, z) = φ(x,−y, z), (15)
Sˆφ(x, y, z) = φ(−x,−y, z). (16)
These three operations and the identity Iˆ form the V4 group.
The pairing correlations are crucial in open shell nuclei. It
has been shown that fission barriers are influenced very much
by the pairing correlations [62]. In the MDC-RMF model
[39], we employed the BCS approach with a separable pair-
ing force of finite-range [63-65].
To obtain a PES, i.e., the energy of a nucleus as a func-
tion of various shape degrees of freedom E = E({βλµ}), one
can perform constraint calculations [66]. A modified linear
constraint method has been proposed [37, 39] in which the
Routhian is calculated as,
E′ = ERMF +
∑
λµ
1
2
CλµQλµ. (17)
In the (n + 1)th iteration, the variable Cλµ is determined by,
C
(n+1)
λµ = C
(n)
λµ + kλµ
(
β
(n)
λµ − βλµ
)
, (18)
where βλµ is the desired deformation, kλµ is a constant and
C
(n)
λµ is the value in the nth iteration.
The RMF equations are solved iteratively. After a desired
accuracy is achieved, we can calculate various physical quan-
tities. For example, the intrinsic multipole moments are cal-
culated from the density by
Qλµ =
∫
d3rρV (r)r
λYλµ(Ω), (19)
where Yλµ(Ω) is the spherical harmonics. The deformation
parameter βλµ is obtained from the corresponding multipole
moment by
βλµ =
4π
3nRλ
Qλµ, (20)
where R = r0A
1/3 is the radius of the nucleus, the parameter
r0 = 1.2 fm and n represents proton, neutron or nucleon num-
bers Z, N or A. Applying the operations Eqs. (14–16) to the
densities, one gets under the assumption of the V4 symmetry,
βλµ = βλµ¯ = (−1)µβλµ¯. (21)
Therefore βλµ = 0 when µ is an odd number. Consequently,
the four deformations of the lowest order allowed in the
MDC-RMF model are β20, β22, β30 and β32.
The MDC-CDFTs have been applied to the study on fis-
sion barriers and PESs of actinide nuclei [37, 39], the third
minima in PESs of light actinides [67], the non-axial octupole
Y32 correlations in N = 150 isotones [68] and Zr isotopes
[41], axial octupole correlations in MχD [69] and Ba iso-
topes [70] and shapes of hypernuclei [71, 72]. Based on the
PESs from MDC-CDFTs, the dynamics of spontaneous and
induced fissions in actinide nuclei has been studied [73-76].
In this work, the MDC-RMF model is used to make the first
thorough study on SHN, namely, the ground state properties
and PESs of the doubly magic deformed nucleus 270Hs.
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3 Results and discussions
3.1 Numerical details
As mentioned in section 2, a truncation [nz/ fz + (2nρ +
|ml|)/ fρ] 6 N f is made on the ADHO basis. When study-
ing the ground state properties and one-dimensional potential
energy curves (PECs), we choose N f = 20. Such a truncation
is also made when the two-dimensional PESs are calculated
with the axial symmetry imposed. For the two-dimensional
PESs with both triaxial and reflection asymmetric deforma-
tions considered, a smaller basis with N f = 16 is adopted
because of the limitation of computational capabilities. We
have checked that in the deformation range we are interested
in, N f = 20 (16) can give an accuracy of 0.1 (0.5) MeV in
the total binding energy. Generally speaking, such accuracies
warrant the conclusions drawn in this work concerning the
effects of the reflection asymmetric and triaxial deformations
on the fission barriers and fission paths of 270Hs.
In the particle-hole (ph) channel, we use the effective in-
teraction PC-PK1 which was determined by fitting to observ-
ables of 60 selected spherical nuclei including binding en-
ergies, charge radii and empirical pairing gaps [77]. As re-
viewed in Ref. [78], this empirical functional has been very
successful in describing nuclear ground state properties, e.g.,
the Coulomb displacement energies between mirror nuclei
[79], nuclear binding energies [80-82] and quadrupole mo-
ments [83-85] and phase transitions in the nuclear shape
[86], and low-energy excited states including nuclear chi-
ral rotations [87] and magnetic and antimagnetic rotations
[88-92]. PC-PK1 has also been used to study properties of
SHN [93-95].
In the separable pairing force of finite range used in the
particle-particle (pp) channel, there are two parameters, the
pairing strength G and the effective range of the pairing force
a. They have been fixed by reproducing the density de-
pendence of the pairing gap of symmetric nuclear matter
at the Fermi surface calculated with the Gogny force D1S:
G = G0 = 728 MeV·fm3 and a = 0.644 fm [64, 96]. In the
present work, a fine-tuning of the pairing strengthG has been
made and G/G0 = 1.1 is used which can reproduce the odd-
even mass staggering of N = 162 isotones and Hs isotopes.
3.2 Ground state properties of 270Hs
As a typical doubly magic deformed nucleus in the super-
heavy mass region, 270Hs has been studied extensively and
many of the studies focused on the ground state properties.
In Table 1 our results for the bulk properties of the ground
state, including the binding energy EB, deformation parame-
ter β2 and root mean square (rms) charge radius Rc, are com-
pared with results from other models as well as the empirical
value from the latest “Atomic Mass Evaluation” (AME2016)
[97-99].
Table 1 Ground state properties, including the binding energy EB, de-
formation parameter β2 and rms charge radius Rc, obtained from the MDC-
RMF model. Results from other models and AME2016 are included for
comparison. See text for more details.
Model EB (MeV) β2 Rc (fm)
MDC-RMF (PC-PK1) 1967.40 0.261 6.167
AME2016 [97-99] 1969.65
MMM [24] 1969.20 0.229
RMF (TMA) [100, 101] 1971.80 0.22 6.152
RMF (NLZ2) [100, 101] 1969.22 0.274 6.251
RMF (TMA) [102, 103] 1971.93 0.222 6.142
HFB-24 [104] 1968.45 0.26
RMF (NL3) [105] 1974 0.26
WS4 [106] 1970.27 0.217
FRDM (2012) [107] 1971.48 0.222
RCHB (PC-PK1) [82] 1) 1952.65 6.132
RCHB (PC-PK1) + RBF [108] 2) 1969.20 6.132
1) In Ref. [82], the spherical symmetry is assumed for all nuclei.
2) In Ref. [108], the RBF approach was applied to nuclear masses but not
to charge radii predicted by the RCHB model in Ref. [82].
The ground state binding energy EB of
270Hs from our
MDC-RMF model calculation is 1967.40 MeV. There is no
experimental value for the binding energy of 270Hs and in
AME2016 EB = 1969.65 MeV was derived from the trends
in the mass surface (TMS) [97-99]. Our calculation result is
very close to this value. In fact, almost all mass models, in-
cluding the RMF models with various effective interactions
[100-103, 105], the Skyrme Hartree–Fock–Bogoliubov mass
model (HFB-24) [104], and the three typical macroscopic-
microscopic models (MMM)— the one by Patyk et al. [24],
the Weizsa¨cker–Skyrme model [109-111] (WS4 [106]) and
the finite range droplet model [FRDM (2012)] [107], pre-
dicted similar EB values as is seen in Table 1. The only
exception is the relativistic continuum Hartree–Bogoliubov
(RCHB) model [112-114] which has been used to study how
the continuum effects can extend the nuclear chart [82, 115].
The binding energy calculated for 270Hs from this model
is 1952.65 MeV [82] which is much smaller than those
from other model predictions and the empirical value from
AME2016. The reason is that in the RCHBmodel, the spheri-
cal symmetry is assumed for all nuclei and this is certainly not
true for 270Hs. However, it is interesting to see that the radial
basis function (RBF) approach [116-119] can eliminate local
systematic deviations between the experimental mass values
and those calculated from the RCHB model, thus improving
very much the predictive power of the RCHB model for nu-
clear masses [108]. For 270Hs, the binding energy from the
RCHB+RBF approach is 1969.20 MeV which is fairly close
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to the AME2016 value as well as other model predictions.
Note that a deformed relativistic Hartree–Bogoliubov model
in continuum (the DRHBc model) has been developed and
used to study the deformation and continuum effects in exotic
nuclei [120-123]. An international collaboration is working
on producing a new chart of nuclides and a new mass table
with the DRHBc model [124].
There are no experimental information on the quadrupole
moment and deformation parameter β2 for
270Hs. From all
model calculations with the deformation considered, 270Hs is
well deformed in the ground state. From our MDC-RMF cal-
culation, the quadrupole deformations of the ground state of
270Hs are β20 = 0.261 and β22 = 0, meaning that β2 = 0.261.
This β2 value is quite similar to the results from HFB-24 and
RMF model calculations with NLZ2 and NL3, but is larger
than the RMF results with TMA and MMMs. While in the
MDC-RMF model the reflection asymmetric shapes are al-
lowed, the calculated octupole deformation β30 = 0 for the
ground state of 270Hs. The calculated hexadecupole defor-
mation β40 = −0.056 which is comparable to β40 = −0.04
from HFB-24 [104], β40 = −0.052 from WS4 [106] and
β40 = −0.079 from the FRDM (2012) [107]. The rms charge
radius Rc has not been measured for
270Hs. All calculations
including ours give predictions of Rc values between 6.13 fm
and 6.26 fm. Note that in Ref. [108], the RBF approach was
not applied to the charge radii obtained from the RCHB cal-
culations.
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Figure 1 (Color online) Single proton and neutron levels of the ground
state of 270Hs. The Nilsson quantum numbers are given for each level.
Single proton and neutron energy levels of 270Hs in the
ground state are shown in Figure 1. Since 270Hs is an axially
deformed nucleus with the reflection symmetry, we can la-
bel each single particle level with the Nilsson quantum num-
bers. In Figure 1, one can see clearly the feature of the double
magicity. The shell gap is 1.3 MeV for protons at Z = 108
and around 2 MeV for neutrons at N = 162. Such gaps are
very prominent considering the fact that in the superheavy re-
gion the single particle level density is quite large and grows
faster than expected from the A1/3 scaling even for spherical
SHN [94]. In Ref. [24], the Z = 108 shell gap is similar as
that in the present work, while the energy gap at N = 162 is
a bit smaller than ours.
3.3 One-dimensional potential energy curves of 270Hs
In this subsection, we present the results of the MDC-RMF
calculations with a constraint made on the axial quadrupole
deformation β20 for
270Hs. We examine one-dimensional
(1D) PECs and discuss the influences of the axial octupole
deformation β30 and non-axial quadrupole deformation β22
along these PECs. The (dis)continuities of these PECs are
investigated in detail.
In the MDC-RMF model, both the triaxial (TA) and re-
flection asymmetric (RA) deformations are allowed. We may
switch off TA or RA deformations and keep the nucleus in
question to be axially symmetric (AS) or reflection symmet-
ric (RS). Thus four typical combinations of symmetries can
be imposed in the MDC-RMF calculations: AS-RS, AS-RA,
TA-RS and TA-RA. In the 1D constraint calculations in the
present work, we take β20 values running from 0 to 1.5 with
the step size δβ20 = 0.02 when β20 < 1. When β20 > 1, we
take δβ20 = 0.02 in AS-RS calculations and δβ20 = 0.05 in
the AS-RA, TA-RS and TA-RA calculations.
Four PECs of 270Hs calculated from the MDC-RMFmodel
are shown in Figure 2. These four PECs are identical in the
following β20 intervals: 0 6 β20 6 0.42 and 0.88 6 β20 6
1.50. In particular, the global minimum corresponding to the
ground state of 270Hs coincides in all these four calculations
regardless of the imposed symmetries. For the AS-RS PEC in
Figure 2, the first fission barrier occurs at around β20 = 0.46
and the height of this barrier is 5.4 MeV. The second mini-
mum in the AS-RS PEC occurs at β20 = 0.52 and the energy
of this minimum is 4.8 MeV above the ground state. The
depth of the pocket around the second minimum is about 0.6
MeV. The second fission barrier is around β20 = 0.66 with a
height of 7.9 MeV. If the reflection asymmetry is considered,
one gets the AS-RA PEC in which the height of the first bar-
rier is 5.2 MeV, which is by 0.2 MeV lower than that in the
AS-RS curve. The second minimum is shifted to β20 = 0.54
and the energy is by 0.1 MeV smaller than that from the re-
flection symmetric calculation. Though it does not affect the
first barrier and the second minimum very much, the reflec-
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tion asymmetric shape has a considerably large effect on the
second fission barrier which is not only shifted to β20 = 0.74
but also lowered by 2.1 MeV (cf. violet and red curves in
Figure 2). The TA-RS PEC is still of double-hump structure
and the depth of the pocket around the second minimum is
about 0.6 MeV. It can be seen that the triaxial distortion does
not influence much the first barrier and the second minimum,
but lowers the second fission barrier by about 2.4 MeV. This
lowering effect is very pronounced considering that the height
of the second barrier in the AS-RS PEC is only 7.9 MeV.
The fact that the triaxiality affects much only the second fis-
sion barrier in 270Hs is different from the findings in actinides
in which the triaxial deformations lowers both the first and
the second fission barriers considerably [37, 39]. When both
triaxial and reflection asymmetric shapes are allowed in the
MDC-RMF calculations, we obtain the TA-RA PEC which
is shown in Figure 2 as black dots connected with a solid
line. Compared with the TA-RS PEC, the TA-RA curve is
slightly lower in the region 0.44 6 β20 6 0.62 as can be
seen more clearly in the insets of Figure 2. We note that the
RS PECs have been obtained for 270Hs from Woods–Saxon–
Strutinsky calculations in reflection symmetric deformation
space (β2, γ, β4) [125].
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Figure 2 (Color online) Potential energy curves of 270Hs obtained from
MDC-RMF calculations with four combinations of symmetries imposed:
axially symmetric and reflection symmetric (AS-RS) deformations, axially
symmetric and reflection asymmetric (AS-RA) deformations, triaxial and re-
flection symmetric (TA-RS) deformations, and triaxial and reflection asym-
metric (TA-RA) deformations. The inset on the top right shows these four
PECs in the region 0.4 6 β20 6 0.9 beyond which the four curves are identi-
cal. The inset on the top left shows these PECs in the region 0.4 6 β20 6 0.7.
Note that the TA-RS PEC overlaps with the TA-RA curve when β20 > 0.64
and the AS-RA and TA-RA PECs overlap with each other when β20 6 0.62.
In Figure 2, the energy is continuous as a function of β20
along the four PECs. However, the β30 ∼ β20 and β22 ∼ β20
curves are discontinuous along the AS-RA, TA-RS and TA-
RA PECs as shown in Figure 3 and Figure 4. In Figure 3,
we can see that β30 keeps to be 0 when 0 6 β20 6 0.42,
jumps to 0.14 at β20 = 0.44 and increases monotonically un-
til β20 = 0.76 in the AS-RA curve. After a sudden drop at
β20 = 0.78, β30 becomes 0 again. In the TA-RS PEC shown
in Figure 4, β22 is 0 until β20 = 0.56. Then β22 jumps to
0.067 at β20 = 0.58 and changes continuously in the region
0.58 6 β20 6 0.86. At β20 = 0.88, β22 drops again to 0. As
for the TA-RA PEC, since both triaxial and reflection asym-
metric shapes are allowed, both β22 and β30 can be non-zero.
It is seen that in Figure 3 there are sudden changes in β30 at
β20 = 0.44 and β20 = 0.64 while in Figure 4 there are sudden
changes in β22 at β20 = 0.64 and β20 = 0.88. Moreover, in the
TA-RA PEC obtained by constraining only β20, either β22 or
β30 is 0 which means that the triaxial and octupole deforma-
tions do not co-exist. Note that in actinide nuclei the triaxial
and octupole deformations do co-exist around the second fis-
sion barriers [37, 39].
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Figure 3 (Color online) Axial octupole deformation parameter β30 as a
function of β20 along the axially symmetric and reflection asymmetric (AS-
RA) and triaxial and reflection asymmetric (TA-RA) potential energy curves
shown in Figure 2. Note that the two curves overlap with each other when
β20 6 0.62 and β20 > 0.78.
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Figure 4 (Color online) Triaxial deformation parameter β22 as a func-
tion of β20 along the triaxial and reflection symmetric (TA-RS) and triaxial
and reflection asymmetric (TA-RA) potential energy curves shown in Fig-
ure 2. Note that the two curves overlap with each other when β20 6 0.56 and
β20 > 0.64.
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These sudden changes of β30 or β22 in the AS-RA, TA-RS
and TA-RA PECs come from the complexity of multidimen-
sional PESs [39,126,127]. In the self-consistent calculations
constraining only β20, shape degrees of freedom other than
β20 are minimized automatically in the process of finding (lo-
cal) minima in a PES. It often happens that there are two or
more valleys in a higher-dimensional PES. When such a PES
is projected onto a lower-dimensional one, these valleys may
overlap or be connected abruptly, resulting in “continuous”
PESs (e.g., the AS-RA, TA-RS and TA-RA PECs in Figure 2)
though the deformation parameters which are projected out
may change suddenly at intersecting or connecting point(s)
(e.g., β30 in Figure 3 or β22 in Figure 4). In fact, the AS-RA
or TA-RS PECs shown in Figure 2 consist of three isolated
curves in the two-dimensional PES; e.g., for the AS-RA PEC,
the three parts correspond to the following three β20 intervals
as seen in Figure 3: (0 6 β20 6 0.42), (0.44 6 β20 6 0.76) and
(0.78 6 β20 6 1.50). As seen in Figure 3 and Figure 4, the
TA-RA PEC in Figure 2 consists of even four segments in the
three-dimensional (3D) coordinate system with β20, β22, and
β30 as coordinates: (0 6 β20 6 0.42), (0.44 6 β20 6 0.62),
(0.64 6 β20 6 0.86) and (0.88 6 β20 6 1.50). The first and
forth segments are along the β20–axis (β30 = 0, β22 = 0), the
second is in the β20–β30 plane (β30 , 0, β22 = 0) and the
third is in the β20–β22 plane (β30 = 0, β22 , 0). It is clear
that one needs to examine higher-dimensional PESs in order
to eliminate such discontinuities.
3.4 Two-dimensional potential energy surfaces of 270Hs
In this subsection, we present and discuss the two-
dimensional (2D) PESs of 270Hs which are obtained by si-
multaneously constraining the axial quadrupole deformation
β20 and the axial octupole deformation β30. In the 2D con-
straint calculations, we take β20 values running from 0.00 to
2.00 and β30 from 0.00 to 3.00, both with a step size of 0.02.
One certainly does not need to calculate all points on this
deformation lattice thus defined. The points in the top left
corner of the PES with energy larger than 16 MeV (relative
to the ground state) and those in the bottom right corner with
energy lower than the ground state are not calculated.
The 2D PES for 270Hs with the axial symmetry is shown in
Figure 5. This PES is obtained from the MDC-RMF calcu-
lations with β20 and β30 constrained and the axial symmetry
imposed. In Figure 5, one can find two valleys correspond-
ing to two possible fission paths. One of them goes along the
axis of abscissas, i.e., 270Hs keeps β30 = 0 when it is elon-
gated along this fission path. The energy of 270Hs is smaller
than the ground state energy when β20 ≈ 0.9. 270Hs becomes
very soft against β30 distortion for β20 > 0.4 where the other
possible fission path appears along the reflection asymmetric
valley. The reflection asymmetric fission path extends much
farther than the reflection symmetric one in the directions of
both β20 and β30 and the energy goes below the ground state at
β20 ≈ 1.96 and β30 ≈ 2.7. In Figure 5, the density profiles of
270Hs corresponding to the two fission configurations are also
shown. The two fragments in the symmetric fission can cer-
tainly be identified as 135Xe. However, the fission along the
RA path is extremely asymmetric: The heavy fragment corre-
sponds to 208Pb and the light one to 62Fe. Such an asymmetric
fission may be considered as cluster radioactivity caused by
the strong shell effects in 208Pb [128].
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Figure 5 (Color online) Potential energy surface of 270Hs obtained from
2D constraint RMF calculations with axial and reflection asymmetric (AS-
RA) shapes allowed. The energy is normalized with respect to the binding
energy of the ground state. The contour interval is 0.5 MeV. The density
profiles of 270Hs at (β20 = 1.96, β30 = 2.74) and (β20 = 2.00, β30 = 0) are
shown.
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Figure 6 (Color online) Potential energy curves of 270Hs corresponding to
the reflection symmetric (RS) and reflection asymmetric (RA) fission paths
in Figure 5. The energy is normalized with respect to the binding energy
of the ground state. Note that the two curves overlap with each other when
β20 < 0.44.
Along both paths, there are two or more minima and barri-
ers which can be seen more clearly in Figure 6. The RS path
in Figure 6 corresponds to the AS-RS PEC in Figure 2. At
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β20 = 0.78 the RS and RA PECs cross in Figure 6. When
β20 6 0.76, the RA PEC in Figure 6 is the same as the AS-
RA PEC in Figure 2, while it is much higher than the latter
when β20 > 0.78. The energy minimization in 1D constraint
RMF calculations makes the AS-RA curve in Figure 2 follow
the valley with the lowest energy which corresponds to the
RS path with β20 > 0.78 in Figure 6. Only if 2D constraints
on both β20 and β30 are made, one can stick to the reflec-
tion asymmetric path even though energies of some points
in this path are not the lowest. Along the RA path, one can
find a pocket around β20 = 0.54 (β30 = 0.26 as read in Fig-
ure 5) and a shoulder around β20 = 0.80 (β30 = 0.64). The
highest barrier with a height 7.4 MeV is around β20 = 1.12
(β30 = 1.18), which is lower by about 0.5 MeV than the bar-
rier around β20 = 0.66 in the RS path.
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Figure 7 (Color online) Potential energy surface of 270Hs obtained from
2D constraint RMF calculations with triaxial and reflection asymmetric (TA-
RA) deformations allowed. The energy is normalized with respect to the
binding energy of the ground state. The contour interval is 0.5MeV. The den-
sity profiles of 270Hs at (β20 = 2.00, β30 = 2.86) and (β20 = 2.00, β30 = 0)
are shown.
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Figure 8 (Color online) Potential energy curves of 270Hs corresponding to
the reflection symmetric (RS) and reflection asymmetric (RA) fission paths
in Figure 7 but recalculated with the ADHO basis truncated with N f = 20.
The energy is normalized with respect to the binding energy of the ground
state. Note that the two curves overlap with each other when β20 < 0.44.
2D-constraint RMF calculations are carried out for 270Hs
with both triaxial and reflection asymmetric shapes allowed.
The 2D PES thus obtained is shown in Figure 7. The TA
PES shares some common features as the AS PES in Fig-
ure 5. There are also two competing fission paths, the RS
path along the β20-axis with β30 = 0 and the RA path go-
ing to the top right corner of this plot. In this PES, there are
some discontinuities, e.g., around (β20 ≈ 1.2, β30 ≈ 0.7),
(β20 ≈ 1.5, β30 ≈ 1.4) and (β20 ≈ 1.9, β30 ≈ 1.8). These
discontinuities may also be due to the complexity of multi-
dimensional PES, similar to those in 1D PECs as shown in
Figure 3 and Figure 4. To resolve these discontinuities, one
has to investigate 3D PES by making 3D constraint calcula-
tions on β20, β30 and β22.
By comparing Figure 5 and Figure 7 and examining the
β22 values of the points in the PES shown in Figure 7, it is
found that the triaxial deformation is zero along the reflec-
tion asymmetric fission path. However, the triaxial effects
are significant along the reflection symmetric fission path. In
Figure 8, the PECs of 270Hs corresponding to the RS and RA
fission paths in Figure 7 are presented. To discuss quanti-
tatively the influence of the triaxiality, these two curves are
obtained fromMDC-RMF calculations with the ADHO basis
space truncated up to N f = 20. In fact, the RA path in Fig-
ure 8 (the black curve) is the same as that in Figure 6 because
270Hs does not favor a triaxial deformation along this path.
Moreover, the RS PEC in Figure 8 is the same as the TA-RS
PEC in Figure 2. In contrast with the RA path, the RS fission
path is lowered considerably by the triaxial distortion. Com-
pared to the RS path in Figure 6, the second barrier of the RS
fission path in Figure 8 is lowered by 2.4 MeV. As a result,
the fission barrier along the RS path is much lower than that
in the RA path. Comparing Figure 2, Figure 6 and Figure 8,
we finally come to the conclusion that the TA-RS PEC cor-
responds to the lowest static fission path though it is higher
in energy than the TA-RA curve in Figure 2. Such a conclu-
sion can only be reached when both 1D PECs and 2D PESs
are examined carefully and when both triaxial and reflection
asymmetric deformations are considered.
4 Summary and perspectives
We have investigated in detail the doubly magic deformed
SHN 270Hs with the MDC-RMF model. The successful ef-
fective interaction PC-PK1 is adopted for the covariant den-
sity functional and a separable pairing force of finite range
is used in the pp channel. The binding energy, rms charge
radius and deformation parameters obtained for the ground
state of this nucleus are comparedwith predictions from other
models and the empirical value in AME2016 and good agree-
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ments are found. In single particle level schemes of protons
and neutrons, there are relatively large shell gaps at Z = 108
and N = 162 which cause the deformed double magicity in
270Hs.
If only 1D PECs are examined, one is easily led to a wrong
static fission path which is, though the lowest in energy, very
likely to be discontinuous in 2D or higher-dimensional PESs.
Thereforewe investigate in detail 1D PECs and 2D PESs with
various spatial symmetries imposed. We stress that it is for
the first time the PES is presented for 270Hs with both triax-
iality and reflection asymmetry considered. When the axial
symmetry is assumed, the reflection asymmetric fission bar-
rier is lower than the reflection symmetric one. When the
triaxial deformation is allowed, the reflection symmetric fis-
sion path becomes favorable because the reflection symmet-
ric barrier is lowered very much by the triaxial distortion.
Although it is higher than the reflection symmetric one, the
reflection asymmetric fission barrier may still be penetrated
or overcome by 270Hs in spontaneous or induced fissions. If
this happens, 270Hs would end with fragments with very large
mass asymmetry, 208Pb and 62Fe, which may be considered as
cluster emission resulted from the strong shell effects.
The above conclusions will be useful for learning de-
tailed information about PESs and fission barrier properties
of SHN. Furthermore, as the first thorough study on SHN
with the MDC-RMF model, this work serves as the start-
ing point of systematic investigations of SHN with MDC-
CDFTs. In the future, more efforts will be devoted to the
calculations of TA-RA PESs with larger N f and 3D PESs,
systematic studies of static fission paths and fission barriers
of SHN, investigations of fission dynamics based on the PESs
from MDC-CDFTs and cluster radioactivity, etc.
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